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Abstract
A theoretical analysis of the thermodynamic properties of the Robin
wall characterized by the extrapolation length Λ in the electric field E
that pushes the particle to the surface is presented both in the canonical
and two grand canonical representations and in the whole range of the
Robin distance with the emphasis on its negative values which for the
voltage-free configuration support negative-energy bound state. For the
canonical ensemble, the heat capacity at Λ < 0 exhibits a nonmonotonic
behavior as a function of the temperature T with its pronounced max-
imum unrestrictedly increasing for the decreasing fields as ln2 E and its
location being proportional to (− ln E )−1. For the Fermi-Dirac distribu-
tion, the specific heat per particle cN is a nonmonotonic function of the
temperature too with the conspicuous extremum being preceded on the
T axis by the plateau whose magnitude at the vanishing E is defined as
3(N − 1)/(2N)kB , with N being a number of the particles. The maxi-
mum of cN is the largest for N = 1 and, similar to the canonical ensemble,
grows to infinity as the field goes to zero. For the Bose-Einstein ensem-
ble, a formation of the sharp asymmetric feature on the cN -T dependence
with the increase of N is shown to be more prominent at the lower volt-
ages. This cusp-like dependence of the heat capacity on the temperature,
which for the infinite number of bosons transforms into the discontinuity
of cN (T ), is an indication of the phase transition to the condensate state.
Some other physical characteristics such as the critical temperature Tcr
and ground-level population of the Bose-Einstein condensate are calcu-
lated and analyzed as a function of the field and extrapolation length.
Qualitative and quantitative explanation of these physical phenomena is
based on the variation of the energy spectrum by the electric field.
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1 Introduction
Analysis of the interaction between the electric field E applied perpendicularly
to the plane S and the Robin boundary condition (BC) at it [1]
n∇Ψ|S =
1
Λ
Ψ
∣∣∣∣
S
(1)
has shown that the spectrum of the one-dimensional quantum particle of the
mass m moving on the half-line −∞ < x < 0 and satisfying the Schro¨dinger
equation for the wave function Ψn(x) and energy En, n = 0, 1, 2, . . .,
−
~2
2m
d2
dx2
Ψn(x) + V (x)Ψn(x) = EnΨn(x) (2)
for the finite nonzero extrapolation length Λ is determined from the transcen-
dental equation [2]
(
2meE
~2
)1/3
Ai′
(
−
[
2m
(e~E )2
]1/3
En
)
−
1
Λ
Ai
(
−
[
2m
(e~E )2
]1/3
En
)
= 0. (3)
Here, n is an inward unit normal to the interface S, V (x) is an electrostatic
potential
V (x) =
{
−eE x, −∞ < x ≤ 0
∞, x > 0
(4)
creating the field E > 0 that pushes the particle (for definiteness, we will talk
about the electron with its negative charge −e) closer to the surface, Ai(x) is
Airy function [3, 4] and prime denotes its derivative with respect to argument x.
For Λ = 0 (Λ =∞) the BC from Eq. (1) simplifies to the Dirichlet (Neumann)
requirement Ψ(0) = 0 [Ψ′(0) = 0] with the energy spectrum directly following
from Eq. (3):
E
{DN}
n = −
{
an+1
a′n+1
}(
e2~2E 2
2m
)1/3
, (5)
where the negative an and a
′
n are nth roots, n = 1, 2, . . ., of the equations
Ai(x) = 0 or Ai′(x) = 0, respectively [3, 4]. For the small nonzero parameter
2meE |Λ|3/~2 the Taylor expansion of Eq. (3) shows that the first-order correc-
tion to the Dirichlet spectrum is equal to the voltage drop across the Robin
distance:
ER∓n = −
{
an
an+1
}(
e2~2E 2
2m
)1/3
+ eEΛ,
{
n = 1, 2, 3, . . .
n = 0, 1, 2, . . .
}
,
2meE |Λ|3
~2
≪ 1. (6a)
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The sign in the energy superscript corresponds to that of the extrapolation
length. In addition, for the lowest level of the negative Robin wall one has:
ER−0 = −
~2
2m|Λ|2
[
1−
1
2
2meE |Λ|3
~2
+
1
8
(
2meE |Λ|3
~2
)2]
,
2meE |Λ|3
~2
≪ 1. (6b)
In the opposite limit the energies are:
ER∓n = −a
′
n+1
(
e2~2E 2
2m
)1/3 [
1∓
1
a′n+1
2
(
~2
2meE |Λ|3
)1/3]
,
n = 0, 1, 2, . . . ,
~2
2meE |Λ|3
≪ 1. (6c)
Eq. (6c) manifests that the energy admixture to the slightly distorted Neumann
wall is of the order 1/
(
ΛE 1/3
)
. Hence, the varying electric field changes the
energy spectrum in a very wide range. This is especially clearly seen after
introducing the dimensionless scaling where all distances are measured in units
of the magnitude of the Robin length |Λ|, energies – in units of ~2/(2m|Λ|2), and
electric fields – in units of ~2/(2me|Λ|3). Then, the spectrum of the attractive
Robin wall at the low voltages consists of the densely populated positive part
ER−n = −anE
2/3 − E , n = 1, 2, . . . , E ≪ 1, (7a)
with the energy difference δER−n = E
R−
n+1−E
R−
n between the neighboring states
decreasing for the growing n:
δER−n =
(
2
3
pi2
n
E
2
)1/3
, E ≪ 1, n≫ 1, (7b)
and the negative-energy level that is separated from the quasi continuum by the
almost unit gap [2]:
ER−0 = −1 +
1
2
E −
1
8
E
2, E ≪ 1. (7c)
This highly nonuniform distribution of the levels on the energy axis leads, as
shown below, to the spectacular thermodynamic properties, such as, for exam-
ple, the gigantic growth of the heat capacity cV , which are calculated on the
basis of the knowledge of the spectrum En. Similar to the tilted quantum well
(QW) with miscellaneous combinations of the Dirichlet and Neumann BCs at
the opposite walls [5, 6], the analysis below addresses both canonical, Sec. 2,
and two types of the grand canonical ensembles, Sec. 3. Previous research on
the BC influence on the thermodynamics of the low-dimensional nanostructures
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concentrated on the calculations of the bosonic systems only and was limited
to the flat QWs either with periodic BCs or at Λ = 0 and/or Λ = ∞ relevant
for the study of liquid helium in pore geometries and thin film superconductors
[7–18]. In a recent contribution, the author has shown [6] that for the canonical
distribution the permutation of the Dirichlet and Neumann BCs of a QW at
E = 0 has a significant impact on its thermal properties; for example, the heat
capacity of the pure Neumann configuration exhibits on the temperature axis a
conspicuous maximum accompanied by the adjacent minimum that are absent
for any other BC geometry. Its physical explanation invoked an analysis of the
corresponding structures of the associated spectra what mathematically reduced
to correct handling of Theta functions. A remarkable feature of the fermionic
QW is, at any BC combination in zero fields, a salient maximum of the specific
heat for one particle and its absence for any other number of corpuscles. It
was shown that the voltage applied to the QW leads to the increase of the heat
capacity and formation of the new or modification of the existing extrema what
is qualitatively described by the influence of the associated electric potential.
The main message of the present research is to show on the example of one wall
that the impact of the field for either type of the statistical ensemble has much
more drastic consequences for the Robin BC, especially for that with Λ < 0.
Below, in addition to the dimensionless units introduced above, we will measure
the heat capacity, if not specified otherwise, in units of the Boltzmann constant
kB, and particle kinetic momentum p – in units of ~/|Λ|.
2 Canonical Ensemble
The basic quantity in the description of the system that is in the thermal equi-
librium with the much larger bath is the partition function defined as
Z(E ;β) =
∑
n
e−βEn(E ) (8)
with the summation running over all possible quantum states, the parameter
β being (in regular, unnormalized units) β = 1/(kBT ), and T is the thermo-
dynamic temperature of the bath. For example, the probability wn of finding
particle in the state n is a function of the temperature and the energy En(E ),
which, in turn, depends on the parameter E , as discussed in the Introduction:
wn =
1
Z
e−βEn , (9)
and the mean value 〈I〉can of any physical quantity I is calculated as
〈I〉can =
1
Z
∑
n
wnIn =
∑
n Ine
−βEn∑
n e
−βEn
. (10)
The mean energy
〈E〉can(E ;β) =
∑∞
n=0Ene
−βEn∑∞
n=0 e
−βEn
(11a)
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Figure 1: Zero-field canonical mean energy 〈E〉 (solid line, left axis) and heat
capacity cV (dashed curve, right axis) of the attractive Robin wall as a function
of temperature β−1. Inset shows the peculiarity of the heat capacity at the large
temperatures.
can equivalently be represented as
〈E〉can = −
∂
∂β
lnZ (11b)
while the heat capacity cV , i.e., a work that has to be done to change the
temperature of the system by one degree
cV =
∂
∂T
〈E〉 = −kBβ
2 ∂
∂β
〈E〉 (12a)
(above regular, unnormalized units have been used again), for the canonical
ensemble is expressed with the help of the fluctuation-dissipation theorem [19]:
ccan(β, E ) = β
2
(
〈E2〉can − 〈E〉
2
can
)
. (12b)
For N noninteracting corpuscles in the system, the right-hand sides of Eqs. (10)
– (12) have to be multiplied by N .
Before discussing the electric field influence on the thermodynamics of the
system, it does make sense to analyze first a zero-voltage case. For the non-
negative extrapolation lengths characterized by the positive-energy continuous
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spectrum only the summation in the partition function, Eq. (8), is replaced by
the integration over the momentum p:
ZD,N,R+(0;β) =
∫ ∞
−∞
e−βp
2
dp =
(
2pi
β
)1/2
, (13)
what leads to the same expressions of the mean energy and temperature inde-
pendent specific heat as for the free space [19]:
〈E〉D,N,R+can (0;β) =
1
2β
(14)
cD,N,R+can (0;β) =
1
2
. (15)
Situation is different for the attractive Robin wall. The existence of the bound
state modifies the partition function as
ZR−(0;β) = eβ +
(
2pi
β
)1/2
, (16)
what results in the following expression for the mean energy:
〈E〉R−can(0;β) =
−eβ + 12
(
2pi
β3
)1/2
eβ +
(
2pi
β
)1/2 . (17a)
Its asymptotic cases for the low
〈E〉R−can(0;β) = −1 +
(
2
piβ
)1/2(
1 +
1
2β
)
e−β
−
2pi
β
(
1 +
1
2β
)
e−2β + . . . , β →∞, (17b)
and high temperatures
〈E〉R−can(0;β) =
1
2β
−
1
4
(
2
piβ
)1/2
+
1
4pi
−
1
2
(
2
pi
β
)1/2(
3
2
+
1
4pi
)
+ . . . , β → 0, (17c)
allow with the help of Eq. (12a) to calculate the specific heat cV in the same
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limits as:
cR−can(0;β) =
(
2
piβ
)1/2(
3
4
+ β + β2
)
e−β
−
2
piβ
(
1 + 2β + 2β2
)
e−2β + . . . , β →∞ (18a)
cR−can(0;β) =
1
2
−
1
8
(
2
pi
)1/2
β1/2
+
1
4
(
2
pi
)1/2(
3
2
+
1
4pi
)
β3/2 + . . . , β → 0. (18b)
The variation of the mean energy and specific heat with the temperature
β−1 is shown in Fig. 1. It is seen that the initial warming of the extremely cold
wall has an exponentially negligible effect on both parameters, in accordance
with Eqs. (17b) and (18a). This is explained by the smallness of the thermal
energy 1/(2β) with respect to the gap between the bound state and the positive
energy continuum. Subsequent growth of the temperature causes a monotonic
increase of the mean energy that at β → 0 approaches asymptotically the value
1/(2β) of the free particle, as Eq. (17c) also demonstrates. The avalanche rise of
the heat capacity starts at the smaller temperatures as compared to that of the
mean energy. The specific heat after the steep surge reaches at β−1max = 0.5260
(βmax = 1.9010) the maximum of cmax = 1.0752. Its following decrease ter-
minates at β−1min = 8.9684 (βmin = 0.1115) where the minimum cmin = 0.4774
is located. The higher temperatures lead to the smooth nearing of the heat
capacity to the free-electron configuration of 1/2. Observe that these extrema
and their positions can be with the decent accuracy extracted from the asymp-
totic expansions from Eqs. (18); for example, a zeroing of the β-derivative of
Eq. (18b) yields the approximate location of the minimum capprmin = 0.4784 at
βapprmin =
1
9 + 32pi
= 0.1055,
which coincide quite well with the values provided above.
Thus, the formation by the attractive Robin wall of the split-off negative-
energy bound state strongly modifies its thermodynamic properties in com-
parison with the interfaces with the nonnegative Λ; for example, it leads to
the nonmonotonic dependence of the heat capacity on the temperature, as just
shown above. The difference is greatly enhanced upon application of the electric
field. First, let us note that the classical ”potential” partition function [19]
Zpot =
∫ ∞
−∞
e−βV (x)dx (19)
for the configuration from Eq. (4) becomes:
Zpot =
1
βE
, (20)
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2/3 and (b) heat
capacity cV versus the parameter βE
2/3 for the Dirichlet (dashed lines) and
Neumann (solid lines) walls.
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while a thermally averaged value of the potential energy
〈V (x)〉 =
1
Zpot
∫ ∞
−∞
V (x)e−βV (x)dx (21)
for the Robin wall in the electric field is just the heat quantum:
〈V (x)〉 =
1
β
. (22)
Then, the potential contribution to the heat capacity
cpot = −β
2 ∂
∂β
〈V (x)〉 (23)
turns to unity what means that the total specific heat at the high temperatures
when the classical expressions from Eqs. (19)–(23) are only applicable to the
quantum case is equal to 3/2.
Expressions for the Dirichlet and Neumann mean energies
〈
E
D
N
〉
=
E
2/3
Z
D
N
∞∑
n=1
b
D
N
n exp
(
−b
D
N
n βE
2/3
)
(24)
with the associated partition functions
Z
D
N =
∞∑
n=1
exp
(
−b
D
N
n βE
2/3
)
(25)
and coefficients
b
D
N
n =
{
−an
−a′n
(26)
show that the corresponding heat capacities c
D
N
V and the values
〈
E
D
N
〉/
E
2/3 are
functions of one variable y ≡ βE 2/3 only. In particular, for the large values of
this parameter, y ≫ 1, one has:
〈E〉
E 2/3
= b1 + (b2 − b1)e
−(b2−b1)y + (b3 − b1)e
−(b3−b1)y
+ (b2 − b1)
2e−2(b2−b1)y + . . . (27a)
cV = y
2
[
(b2 − b1)
2e−(b2−b1)y + (b3 − b1)
2e−(b3−b1)y
+ 2(b2 − b1)
3e−2(b2−b1)y + . . .
]
. (27b)
To find these functions performance in the opposite limit of y ≪ 1, one employs
the behavior of the Airy zeros coefficients at the large index [3, 4]
{
an
a′n
}
= −
[
3pi
8
(
4n−
{
1
3
})]2/3
, n≫ 1, (28)
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which produce a reasonably good accuracy even for n = 1 [20], and the asymp-
totic expansion of the infinite series
∞∑
n=0
e−t(n+d)
α
=
Γ(1 + 1/α)
t1/α
−
(
d−
1
2
)
+
|d− 1/2|
1+1/α
1 + α
t− . . . , t→ 0 (29a)
and its derivative with respect to the variable t:
∞∑
n=0
(n+ d)αe−t(n+d)
α
=
Γ(1 + 1/α)
αt1+1/α
−
|d− 1/2|
1+1/α
1 + α
+
|d− 1/2|
2+1/α
1 + 2α
t− . . . , t→ 0, (29b)
with Γ(α) being Γ-function [3]. As a result, one obtains the following expressions
for the heat capacities at y ≪ 1:
c
D
N =
3
2
(
1∓
pi1/2
4
β3/2E
)
, βE 2/3 ≪ 1. (30)
Observe that the Neumann specific heat approaches from above the infinite
temperature limit of 3/2 what means that it has a maximum on the y axis. This
qualitative conclusion is confirmed by the exact calculations shown in Fig. 2,
which exhibits the universal dependencies of the heat capacity and the ratio〈
E
D
N
〉/
E
2/3 on the variable y for the Dirichlet and Neumann surfaces. The
specific heat cNV reaches a shallow maximum of c
N
max = 1.522 at ymax = 0.175.
It is seen that at the large y the Neumann heat capacity fades faster since
the corresponding difference a′1 − a
′
2 = 2.2294 in Eq. (27b) is greater than
its Dirichlet counterpart a1 − a2 = 1.7498 [3, 4]. The Dirichlet mean energy
lies above the Neumann one since, for example, in the same limit of y ≫ 1
they are mainly determined, as Eq. (27a) demonstrates, by the first Airy zeros
a1 = −2.3381 and a
′
1 = −1.0188, respectively.
The most dramatic feature of the heat capacity of the negative Robin wall
shown in Fig. 3 is its colossal increase at the weak fields and low voltage-
dependent temperatures. To explain this phenomenon from a mathematical
point of view, it suffices to keep in Eqs. (7a) and (7c) of the corresponding
energy spectrum the leading terms only. Next, assuming that, in addition to
the condition E ≪ 1, the requirement βE 2/3 ≪ 1 also holds (its validity for
our range of interest will be justified below), one invokes the expression for the
coefficients an from Eq. (28) and the expansions from Eqs. (29). As a result,
the mean energy in these limits reads:
〈
ER−
〉
=
−eβ + 3
4pi1/2
1
Eβ5/2
eβ + 1
2pi1/2
1
Eβ3/2
, E , βE 2/3 → 0. (31)
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Figure 3: Canonical specific heat cR−V of the attractive Robin wall in terms of
the temperature β−1 and electric field E .
11
First, for the large temperatures it simplifies to
〈
ER−
〉
=
3
2
1
β
− 3pi1/2E β1/2 − 5pi1/2E β3/2 + . . . , β, E → 0, (32a)
what results in the heat capacity:
cR−V =
3
2
+
3
2
pi1/2E β3/2 +
15
2
pi1/2E β5/2 + . . . , β, E → 0. (32b)
Note that the last expression remains intact if the terms linear in the field are
retained in Eqs. (7a) and (7c). This voltage-dependent nearing from above to
the high-temperature limit is clearly seen in Fig. 3. Next, the mean energy turns
to zero at the temperature β〈E〉=0, which is found from equation:
β5/2eβ =
3
4pi1/2
1
E
. (33)
Its solution is expressed via the Lambert W function [21–23]
β〈E〉=0 =
5
2
W
(
91/5164/5
pi1/5E 2/5
)
. (34)
Asymptotics of the Lambert function [21]
W (x)→ ln
x
lnx
+ . . . , x→∞, (35)
shows that at the very weak (but nonzero) fields the temperature at which the
zero mean energy is achieved, is inversely proportional to the logarithm of the
applied voltage:
β〈E〉=0 ≃ − lnE , E → 0. (36)
Eq. (36) manifests that the mean energy for the decreasing E becomes a steeper
function of the low temperature. This is exemplified in panel (a) of Fig. 4
that shows the thermally averaged energies and heat capacities for several ul-
tra weak electric intensities as functions of the temperature. Rapid growth of
〈ER−〉 means, according to Eq. (12a), larger values of the heat capacity whose
expression in the same limit reads
cR−V =
1
2
3 + pi1/2E β3/2eβ(4β2 + 12β + 15)(
1 + 2pi1/2E β3/2eβ
)2 , βE 2/3 → 0. (37)
Its asymptotics for the large temperatures, which approaches, as expected, the
value of 3/2, was derived above, Eq. (32b). Taking a derivative ∂β of Eq. (37),
equating it to zero and keeping only the largest power of β leads to the following
expression for the temperature βmax of the maximum of the specific heat:
βmax =
3
2
W
(
42/3
6pi1/3E 2/3
)
. (38)
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Invoking the asymptotics from Eq. (35) produces:
βmax =
3
2
ln
42/3
6pi1/3E 2/3 ln 4
2/3
6pi1/3E 2/3
, (39)
what essentially is the same dependence (with the different proportionality coef-
ficient) as that from Eq. (36). Note that in this way our starting assumption of
βE 2/3 → 0 is automatically satisfied. Corresponding peak of the heat capacity
cmax is calculated as
cR−max =
1
4
β2max. (40)
Eq. (40) and (39) show that the maximum of the specific heat is proportional
basically to ln2 E . This growth of cR−max and its shift to the lower temperatures
are seen in Figs. 3 and 4(b). They also prove that the half width of this resonance
narrows at the smaller electric intensities.
A physical reason of this giant enhancement of the heat capacity at the
weak fields and extremely low voltage-dependent temperature stems from the
peculiarities of the energy spectrum and its modification by the applied electric
force. As discussed in the Introduction, at the weak intensities E the lowest
lying level is split off from the quasi continuum of the positive-energy states.
The difference
∆R−n (E ) = E
R−
n (E )− E
R−
0 (E ), n = 1, 2, . . . , (41)
between the first excited, n = 1, and ground state is in this regime practically
the same as for many other higher lying levels with the ratio
RR−n (E ) =
∆R−n (E )
∆R−1 (E )
, n = 2, 3, . . . , (42)
turning to unity for the vanishing fields:
RR−n (E ) = 1 + (a1 − an)E
2/3, E ≪ 1. (43)
Accordingly, the very low temperatures can promote the electron from its ground
position not only to the first excited level but with about the same probability
to a huge number of its counterparts what results in a steep increase of the
heat capacity with its slope being more vertical for the weaker field. Further
tiny warming of the structure can not sustain this very fast growth since the
latter has to involve the levels with such enormously large indices n for which
the ratio RR−n considerably deviates from the unity what makes the transitions
to them more difficult at this temperature. Consequently, the specific heat
drops forming a characteristic sharp resonance with its peak increasing for the
decreasing E . The higher applied voltage splits wider the positive energy levels
with the corresponding change of the ratio R; for example, in the opposite limit
of the large electric intensities it becomes a field independent quantity that
noticeably grows with the quantum number n:
RR±n (E ) =
a′1 − a
′
n+1
a′1 − a
′
2
, E ≫ 1, (44)
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Figure 4: Canonical (a) mean energy 〈ER−〉 and (b) specific heat cR−V of the
attractive Robin wall as functions of the low temperature β−1 at several ex-
tremely weak electric fields where solid lines are for E = 10−6, dotted curves
– for E = 10−7, dashed lines – for E = 10−8, and dash-dotted curves are for
E = 10−9.
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as it follows from Eq. (6c). For that reason, in this case the low temperatures
propel the electron mainly to the first excited state with the transitions to the
higher levels being strongly suppressed due to their large energy separation
from the one with n = 1. They gradually can be populated one by one at the
increasing temperatures. This change of the energy spectrum by the electric field
smooths out the heat capacity and eventually at the growing E the resonance
is transformed into the shallow Neumann maximum discussed above. As Fig. 3
demonstrates, the peak is strongly subdued already at E ∼ 0.2. To underline
the crucial role of the zero-field negative-energy bound state in the formation
of the specific heat resonance, we provide in Fig. 5 the mean energy and the
heat capacity of the repulsive Robin wall, which at any field is characterized
by the positive spectrum only; for example, at the weak electric intensity the
corresponding ratio RR+n
RR+n =
a1 − an+1
a1 − a2
, E ≪ 1, (45)
similar to the high-field limit from Eq. (44), is a salient function of the index
n. As a result, the heat capacity in the whole range of the electric forces is
a monotonic function of the temperature, as panel (b) of Fig. 5 demonstrates.
For the weaker voltages the high-temperature limit 3/2 of the specific heat is
achieved at the lower temperatures since the lesser energy differences
∆R+n (E ) = (a1 − an+1)E
2/3, E ≪ 1, n = 1, 2, . . . , (46)
permit to occupy all the levels at the smaller β−1. However, since the ratio
from Eq. (45) is strongly n dependent, the heat capacity remains at these fields
a monotonic function of the temperature too.
3 Grand Canonical Ensemble
The quantum system that, in addition of being in the thermal balance with the
external reservoir, can exchange the particles as well as energy with it, is said to
be in the chemical equilibrium with the heat bath. Since the number N of the
constituent corpuscles varies, the properties of the structure strongly depend on
it; for example, the chemical potential µ that is defined as the work that has to
be done to change the number of the particles by one
µ =
(
∂〈E〉
∂N
)
T,V
, (47)
is determined from
N =
∞∑
n=0
1
e(En−µ)β ± 1
, (48)
where the upper sign corresponds to the Fermi-Dirac (FD) distribution while
the lower one describes Bose-Einstein (BE) systems. Knowledge of the mean
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Figure 5: Canonical (a) mean energy 〈ER+〉 and (b) specific heat cR+V of the
repulsive Robin wall as functions of the temperature β−1 and electric field E .
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energy
〈E〉gc =
∑
n
En
e(En−µ)β ± 1
(49)
allows one with the help of Eq. (12a) to calculate the associated heat capacity
cgc as
cgc = β
2
∑
n
En
(
En − µ− β
∂µ
∂β
)
[
e(En−µ)β ± 1
]2 e(En−µ)β , (50)
where the chemical potential, which for the former ensemble is also frequently
called the Fermi energy, is calculated from Eq. (48), as just stated above, and its
partial derivative with respect to the inverse temperature is found from the same
expression with the help of the rule of differentiating of the implicit functions
and is given as [6]
β
∂µ
∂β
=
∑
n
En−µ
[e(En−µ)β±1]2
e(En−µ)β∑
n
1
[e(En−µ)β±1]2
e(En−µ)β
. (51)
Mathematical difference of the opposite signs in Eq. (48) has its physical conse-
quence in the fact that each quantum level is occupied by at most one fermion
while the arbitrary number of bosons can coexist in the same state. The FD dis-
tribution is applied for the system of the particles with the half-integer spin such
as, for example, the electron in the free space or in the crystal lattice, while the
boson statistics is used for the constituents with the integer spin, e.g., photons
or Cooper pairs in superconductors. Thus, our remark from the Introduction
that we consider the electron does not apply for the BE consideration where we
will assume the abstract negatively charged particle. Also, for the half-integer
spin fermions, say, the electron with its spin of 1/2, the orbital states with the
same energy can be occupied by the particles with the opposite projections of
the spin ±1/2. However, this fact is neglected in the discussion below where
it is assumed that the number of the fermions for each energy En is not larger
than one.
For the Dirichlet and Neumann wall, utilizing asymptotic expansions of the
series
∞∑
n=0
1
bet(n+d)α ± 1
= ∓
Γ(1 + 1/α)
t1/α
Li1/α
(
∓b−1
)
−
d− 1/2
b± 1
+
b
1 + α
|d− 1/2|1+α
(b± 1)2
t− . . . , t→ 0 (52a)
∞∑
n=0
(n+ d)α
bet(n+d)α ± 1
= ∓
Γ(1 + 1/α)
αt1+1/α
Li1+1/α
(
∓b−1
)
−
1
1 + α
|d− 1/2|1+α
b± 1
+
b
1 + 2α
|d− 1/2|1+2α
(b ± 1)2
t
− . . . , t→ 0, (52b)
17
0.05 0.10 0.15 0.20 0.25
-2.0
-1.5
-1.0
-0.5
0.0 N=10
 E=10-3
 E=10-4
 E=10-6
 E=10-7
 
 
 
0.05 0.10 0.15 0.20 0.25
-2.0
-1.5
-1.0
-0.5
0.0
N=5
 E=10-3
 E=10-4
 E=10-6
 E=10-7
 
 
 
-2.0
-1.5
-1.0
-0.5
0.0
N=2
 E=10-3              E=10-4
 E=10-6                  E=10-7
 
 
 
-2.0
-1.5
-1.0
-0.5
N=1
 E=10-3
 E=10-4
 E=10-6
 E=10-7
 
 
 
-1
R
-
F
D
Figure 6: FD chemical potential µR−FD of the attractive Robin wall as a function
of the temperature β−1 for several numbers N of fermions shown in each panel
and different weak electric fields where solid lines are for E = 10−3, dashed
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with Liα(z) being a polylogarithm [24]
Liα(z) =
∞∑
k=1
zk
kα
,
one transforms Eqs. (48) and (49) to
N = ∓
1
2pi1/2
1
β3/2E
Li3/2
(
∓eµβ
)
−
ξ
e−µβ ± 1
(53)
〈E〉
E 2/3
= ∓
3
4pi1/2
1
β5/2E 5/3
Li5/2
(
∓eµβ
)
(54)
valid at βE 2/3 → 0. Here, ξ ≡ ξ
D
N = ± 14 . Assuming that the chemical poten-
tial is large and negative, the following ensemble independent expressions are
obtained:
µ
D
N =
1
β
ln
N
1
2pi1/2
1
β3/2E
∓ 14
, βE 2/3 → 0 (55)
〈
E
D
N
〉
= N
(
3
2β
±
3
4
pi1/2β1/2E
)
, βE 2/3 → 0. (56)
Observe that the specific heat per particle cN ≡ c/N derived from Eq. (56) ex-
actly coincides with the one from Eq. (30) for the canonical distribution. Thus,
the well-known general result [19] of the independence at the high temperatures
of the thermodynamic properties on the ensemble is confirmed again [6].
For the attractive Robin wall at the weak fields, Eq. (48) turns to
N =
1
e−βe−µβ ± 1
∓
1
2pi1/2
1
β3/2E
Li3/2
(
∓eµβ
)
−
1
4
1
e−µβ ± 1
, E ≪ 1, βE 2/3 ≪ 1, (57)
where also a smallness of the product βE 2/3 has been assumed. Besides, con-
sidering the coefficient eµβ as a tiny parameter too, one gets:
N =
1
e−βe−µβ ± 1
+
1
2pi1/2
eµβ
β3/2E
−
1
4
1
e−µβ ± 1
,
E ≪ 1, βE 2/3 ≪ 1. (58)
This equation has a logarithmic solution for the chemical potential µ but its
explicit form is too unwieldy; therefore, to simplify our qualitative analysis, we
disregard the last right-hand side term to obtain:
µ
FD
BE =
1
β
ln
1
2
r
FD
BE
1 +N ∓ 1∓ re
−β
r
, (59a)
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where, for convenience, the factors
r =
1
2pi1/2
1
β3/2E
and
r
FD
BE
1 =
(
r2e−2β + 2re−β ± 2Nre−β + 1∓ 2N +N2
)1/2
have been used. For one particle, N = 1, Eq. (59a) simplifies to
µ
FD
BE
N=1 =
1
β


ln 12e
−β
(√
1 + 8pi1/2β3/2E eβ − 1
)
ln 12
[
e−β
(√
1 + 16piβ3E 2e2β + 1
)
+ 4pi1/2β3/2E
] . (59b)
The corresponding mean energy under the same assumptions reads:
〈E〉 = −
1
e−βe−µβ ± 1
+
3
4pi1/2
eµβ
β5/2E
,
E ≪ 1, βE 2/3 ≪ 1. (60)
The associated heat capacity is calculated from this expression with the help of
Eq. (12a).
3.1 Fermions
Consider first the case of the FD distribution. For one fermion, N = 1, at the
attractive Robin wall its specific heat reaches the maximum of
cFDmax
∣∣R−
N=1
=
β2FDmax
21/2(21/2 + 1)2
(61)
at the inverse temperature
βFDmax =
3
2
W
(
1
6pi1/3E 2/3
)
(62)
that is a solution of equation
8pi1/2E β3/2eβ = 1. (63)
These expressions show that, similar to the canonical ensemble, the heat capac-
ity unrestrictedly grows as ln2 E with the vanishing field.
Fig. 6 depicts the Fermi energies of the attractive surface as functions of the
temperature for several numbers N and weak electric intensities E . It was shown
before [6] that for the structures for which the differences between the several
adjacent levels are of the same order, in particular, δEN−1 ∼ δEN ∼ δEN+1 ∼
. . ., the fermionic chemical potential µN after its rapid increase from EN−1 at
T = 0 exhibits a temperature-independent plateau (EN−1+EN )/2 whose width
on the T axis is a function of the differences δEn, n = 0, . . . , N − 1, N . It is
20
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Figure 7: Heat capacity per particle cR−N of the attractive Robin wall as a
function of the temperature β−1 for different weak electric fields shown in each
panel and several numbers N of fermions where solid lines are for N = 1, dashed
curves – for N = 2, dotted lines – for N = 3, dash-dotted ones – for N = 5, and
dash-dot-dotted curves are for N = 10. Insets of each panel show enlarged views
at the small temperatures where the formation of the plateaus from Eq. (66) is
demonstrated.
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a consequence of the interaction at the small temperatures between these two
neighboring levels only, which, at T = 0 were the highest occupied and lowest
unoccupied orbitals. Reminiscences of these flat parts can be seen in the figure
for the stronger voltages and/or larger number of fermions. The plateaus are
completely absent at the extremely weak fields and N = 1 as the upper left
panel of Fig. 6 demonstrates. Here, the split-off level with the growth of the
temperature interacts not only with the lowest unoccupied at T = 0 state but,
in addition to this, with the huge number of its adjacent counterparts. As a
result, the Fermi energy has a sharp peak µ1 ∼= (E0 + E1)/2 ≅ −1/2 after
which the occupation of the positive-energy levels pushes it downward with the
steepness of the curve increasing for the smaller E . At the large temperatures,
it is described by the Dirichlet dependence from Eq. (55).
Corresponding heat capacities are shown in Fig. 7. As discussed above,
a specific heat of the attractive Robin interface possesses at the weak fields
a conspicuous maximum whose magnitude grows with the decreasing electric
intensity E while its location shifts to the lower β−1. A physical explanation
of this phenomenon is the same as for the canonical ensemble discussed in the
previous section. Quantitatively, at the fixed voltage the extremum for one
fermion is smaller and located at the higher temperatures, as compared to the
canonical distribution, with some data provided in Table 1.
The increasing number of the electrons in the system subdues the peak
and moves it to the warmer temperatures since the higher lying at T = 0
particles impede the interaction of their lowest counterpart with the levels from
the positive part of the spectrum. Mathematically, this can be shown from the
asymptotic expansion of the solution of Eq. (58), which reads for the large N :
µ
FD
BE =
1
β
(
lnN − ln 2pi1/2β3/2E ∓
3
4
1
N
)
, N ≫ 1. (64)
Keeping the first two largest terms only leads to the following expression for the
heat capacity per particle:
c
FD
BE
N =
3
2
+
pi1/2β5/2E (2β + 3)(
2pi1/2β3/2EN ± e−β
)2 e−β,
E ≪ 1, βE 2/3 ≪ 1, N ≫ 1. (65)
For the case of the fermions, this equation shows that the specific heat rapidly
flattens for the larger number of the electrons in the system. This is exemplified
in Fig. 7 and Table 1.
Another feature worth mentioning is the fact that the maximum is preceded
on the temperature axis by the flat plateau with its value equal to
cR−Npl =
3
2
N − 1
N
. (66)
It is explained by the statistical interplay between the fermions; namely, at the
zero temperature N − 1 particles occupy closely located on the E axis positive-
energy states, Eq. (7a), and the remaining one has the negative energy from
22
Eq. (7c). As the density of states at E > 0 is very large, each of N − 1 electrons
attains the classical heat capacity of 3/2 at the very small temperature that
decreases logarithmically with the field. Further warming of the system does not
cause any appreciable change of the specific heat as the lowest level is separated
from its positive counterparts by the unit energy gap. Only when the thermal
quantum is strong enough to promote the fermion to the positive energies, it does
start to contribute to the specific heat. Similar to the canonical distribution,
for the smaller electric intensities there are more closely packed positive-energy
states in the same energy interval; accordingly, the peak of the heat capacity
gets higher for the weaker fields. The formation of the plateaus is clearly seen
in the insets of Fig. 7. The widths of these temperature-independent flat parts
shrink at the lower voltages.
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Figure 8: Bosonic heat capacity per particle cR−N of the attractive Robin wall as
a function of the normalized temperature βcr/β for (a) E = 10
−4, (b) E = 10−3,
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lines are for N = 1, dashed curves – for N = 10, dotted lines – for N = 100,
dash-dotted curves – for N = 1000, dash-dot-dotted ones are for N = 10000,
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and upper panels.
3.2 Bosons
A remarkable property of the collective behavior of this type of particles is a
formation of the condensate when the overwhelming majority of bosons reside
in the ground level. Impressive experimental discovery [25–27] of this state
of matter predicted in 1925 [28] (the history of its theoretical derivation and
subsequent development is described in, e.g., Ref. [29]) reignited a huge interest
in the topic [30–33]. Relevant to our research, let us mention a theoretical
analysis of the influence of the different forms of the confining potential [30, 34–
39] and/or BC [6–18] on the properties of the ideal Bose gas. A quantitative
measure of the BE condensation is provided by the ground state occupation
n0(E ;β), i.e., a ratio of the number of bosons N0 in the ground state
N0 =
1
e(E0−µ)β − 1
(67)
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Table 1: Peak values of the specific heat per particle cNmax and temperatures β
−1
max at which they are achieved for the canonical
and several numbers of particles N of the two grand canonical ensembles at some weak electric fields
E
Canonical
Fermions Bosons
N=1 N=2 N=5 N=10 N=1 N=2 N=5 N=10 N=1000 N=100000
β−1max cmax β
−1
max cmax β
−1
max cNmax β
−1
max cNmax β
−1
max cNmax β
−1
max cmax β
−1
max cNmax β
−1
max cNmax β
−1
max cNmax β
−1
max cNmax β
−1
max cNmax
10−3 0.2504 7.815 0.2180 6.295 0.2605 3.874 0.3350 2.219 0.4080 1.766 0.2812 8.124 0.3052 8.199 0.3573 8.115 0.4179 7.828 2.3157 3.934 30.800 2.361
10−4 0.1750 13.154 0.1594 10.164 0.1807 6.028 0.2163 3.006 0.2483 2.122 0.1907 14.011 0.2024 14.369 0.2272 14.600 0.2545 14.391 0.8915 6.922 7.9544 2.990
10−5 0.1324 20.538 0.1240 15.416 0.1364 9.035 0.1566 4.153 0.1731 2.650 0.1413 22.327 0.1481 23.216 0.1619 24.223 0.1765 24.463 0.4399 13.192 2.4146 4.447
10−6 0.1056 30.093 0.1005 22.145 0.1086 12.957 0.1212 5.694 0.1314 3.375 0.1113 33.240 0.1155 34.950 0.1240 37.249 0.1328 38.400 0.2644 24.505 0.9228 7.786
10−7 0.0873 41.910 0.0840 30.417 0.0895 17.837 0.0984 7.654 0.1051 4.312 0.0912 46.875 0.0940 49.694 0.0997 53.847 0.1056 56.414 0.1815 42.095 0.4513 14.828
2
5
to the total number of corpuscles in the system:
n0 =
N0
N
. (68)
As this fraction is a function of β−1, we, following Ketterle and van Druten [34],
define and will use the critical temperature β−1cr as the largest temperature at
which the BE condensation can still be observed what describes the configura-
tion with the chemical potential equal to the ground-state energy, µ = E0, and
with no particles dwelling in the lowest level, N0 = 0:
∞∑
n=1
1
e(En−E0)βcr − 1
= N. (69)
Critical temperature is an increasing function of the number of bosons in the
system N and electric field E ; for example, for its small values, TR−cr ≪ 1, one
has
βR−cr =
3
2
W
(
42/3
6
1
pi1/3N2/3E 2/3
)
, E ≪ 1. (70)
Fig. 8 draws BE heat capacity per particle of the attractive surface as a
function of temperature (in units of its critical counterpart) for several fields
and numbers of bosons. It exemplifies that for the one particle the cN behavior
is qualitatively the same as for the fermion; namely, as the applied voltage
lowers, the extremum of the specific heat grows and is shifted to the colder
temperatures. Some field-specific values provided in Table 1 show that the
bosonic peak is the largest among the three ensembles and is achieved at the
highest T . Note that, depending on the electric intensity, with the growth
of the moderate N the maximum can increase, as panel (a) and data from
the Table demonstrate. As the number of bosons becomes sufficiently large,
the domination of the statistical effects starts to reveal itself leading to the
formation from the resonance of an asymmetric cusp-like structure with its
right side leaning more vertically with the increasing N . Observe that this
rapid descent of the heat capacity occurs at the temperature closer and closer
coinciding with the critical one. Simultaneously, the ground-state population
becomes a steeper function of the temperature almost turning to zero at β−1cr ,
as Fig. 9 depicts. At zero temperature, all bosons stay on the ground level,
n0|T=0 = 1. The heating of the wall pushes them away from the lowest state
with the decrease of n0 at T ≪ Tcr (T ∼ Tcr) being flatter (more precipitous)
at the smaller fields. For the infinite number of bosons, N = ∞, the ground
orbital will be completely depopulated at T ≥ Tcr what means a full destruction
of the BE condensate by the warming of the structure but due to the finiteness
of N a tiny field-dependent fraction n0 persists for the temperatures above the
critical one. To emphasize the role of the varying field in the process of BE
condensate evolution and destruction, Fig. 10 depicts heat capacity per particle
and ground-state occupation at the fixed number of bosons N = 100000 and
several very low voltages. It is seen that the decreasing electric intensity causes,
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Figure 9: Ground-state occupation nR−0 of the attractive Robin wall as a func-
tion of the normalized temperature. The same conventions as in Fig. 8 are
used.
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similar to the canonical and FD ensembles, an increase of the peak value of
the heat capacity with the lowest level depopulation taking place at the higher
normalized temperatures T/Tcr. In the limit of the vanishing field the ground-
state occupation turns into the step function h(z) =
{
1, z ≥ 0
0, z < 0
:
nR−0 (β) −−−→
E→0
h(βcr/β), (71a)
while the critical temperature itself approaches the absolute zero, as it follows
from Eq. (70):
TR−cr −−−→
E→0
0. (71b)
The expression for βcr from Eq. (70), which was derived directly from Eq. (69)
under the assumptions βcr ≫ 1 and E ≪ 1, is obtained also by zeroing the
denominator in Eq. (65) that, in addition to the above two conditions, is valid
for the large N . The infinite heat capacity at the critical temperature that
follows from the latter formula is due to the neglect of the higher-order terms,
which, if included into the consideration, smooth out the heat capacity peak to
the finite field-dependent magnitude, as exact calculations depicted in Fig. 10(a)
demonstrate. The cusp-like structure of the heat capacity that was predicted
theoretically for a number of the confining potentials [35, 36, 40–43] and observed
experimentally for, e.g., the dilute Bose gas of 87Rb atoms [44], for the infinite
number of particles, N = ∞, turns at T = Tcr into the discontinuity that
is a manifestation of the phase transition; in our case, it is a transition from
the BE condensate to the normal phase of the noninteracting particles in the
linear potential. This justifies the definition of the critical temperature from
Eq. (69). There has been a lively discussion of the influence of the shape and
dimensionality of the confining potential on the existence, form and evolution
of this feature [6, 31, 33, 35, 36, 40–43]. As our results show, the sharpness of the
resonance can be effectively controlled by the voltage applied to the attractive
Robin surface. For comparison, Fig. 11 shows the heat capacity and ground-
level occupation of the repulsive wall at the quite strong and very weak fields.
It is seen that in terms of the scaled temperature T/Tcr the shape of the curves
is practically independent of the electric intensity. The increasing number of
bosons leads to the formation of the maximum of the specific heat at β−1 ∼ β−1cr
but, contrary to the attractive surface, this extremum does not grow to infinity
rather saturating to the value lying below 2. Contrasting the results of the
negative and positive Robin walls shows once again the crucial role of the split
off level in the dramatic evolution of the thermodynamic properties.
4 Concluding Remarks
A theoretical analysis of the thermodynamic properties of the Robin wall in the
perpendicular electric field E discovered that the heat capacity of the attractive
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Figure 11: Upper (lower) panels show bosonic heat capacities per particle cR+N
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in Fig. 8 is used.
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surface for the canonical and either type of the grand canonical ensemble ex-
hibits a pronounced maximum with its peak increasing at the vanishing voltage
as ln2 E while the corresponding temperature goes to zero as −1/ lnE . This
phenomenon that is absent for the repulsive interface is explained by the pecu-
liarities of the associated energy spectrum; namely, at E → 0 it is characterized
by the quasi continuum of the positive-energy states and, additionally, the split
off level with E < 0 [2]. At the cold temperatures, the heating of structure
enforces the transitions from this orbital to a huge number of the higher lying
states leading in this way to the giant enhancement of the specific heat cV .
Increasing number N of the fermions decreases the extremum while for the BE
distribution for the quite large N the resonance changes into the cusp-like struc-
ture, which is a manifestation of the phase transition into the condensate regime
with the critical temperature being strongly E - and N -dependent. Thus, the
applied voltage allows to effectively control the thermodynamics of the Robin
quantum wall.
Having seen the dramatic evolution of the thermodynamic properties pre-
dicted above, one might wonder about their experimental verification. In the
previous analysis of the attractive field-free Robin wall [45–49] it was conjec-
tured that this model approximates the piecewise continuous potentials that can
be grown by the modern semiconductor technologies. Consider, for example, the
term V (x) in Eq. (2) of the form (below we return to the regular units):
V (x) =


0, −∞ < x ≤ −x0
−V0, −x0 < x < 0
∞, x ≥ 0
(72)
with positive x0 and V0. It is elementary to show that, in addition to its posi-
tive spectrum, this asymmetric QW can support bound states with their number
depending on the interrelation between V0 and x0; for example, each new lo-
calized level n emerges from the positive continuum at the following threshold
magnitude of V0:
V THn =
(
n−
1
2
)2
pi2~2
2mx20
, n = 1, 2, . . . . (73)
It means that for V0 satisfying the condition
1
8
pi2~2
mx20
< V0 <
9
8
pi2~2
mx20
, (74)
only one negative-energy state does exist. As a result, this potential forms
zero-field energy spectrum complying with all the requirements of the present
research. Accordingly, applying to it appropriately directed voltage, it is possi-
ble to check the heat capacity enhancement discussed above.
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